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SURJECTIVITY OF CONVOLUTION OPERATORS ON
NONCOMPACT SYMMETRIC SPACES
FULTON GONZALEZ, JUE WANG, AND TOMOYUKI KAKEHI
Abstract. Let µ be aK-invariant compactly supported distribution on
a noncompact Riemannian symmetric space X “ G{K. If the spherical
Fourier transform rµpλq is slowly decreasing, it is known that the right
convolution operator cµ : f ÞÑ f ˚ µ maps EpXq onto EpXq. In this
paper, we prove the converse of this result. We also prove that cµ has a
fundamental solution if and only if rµpλq is slowly decreasing.
1. Slowly Decreasing Functions
The notion of a slowly decreasing function was introduced by L. Ehrenpreis
in 1960 in connection with the following problem.
Let µ be a fixed distribution in E 1pRnq. Under what conditions on µ is the
convolution operator
cµ : f ÞÑ f ˚ µ
surjective as a map from EpRnq to EpRnq, or from D1pRnq to D1pRnq?
This problem was also studied by B. Malgrange [Mal56] for these and other
function and distribution spaces. The aim was to generalize related results
obtained by the two authors when µ “ D δ0, or more generally when µ “ř
j Dj δxj , whereD and theDj are constant coefficient differential operators,
and txju is a finite set of points in Rn. (Here δx is the delta distribution at
x.)
By definition, a function F on Cn is slowly decreasing provided that there
exists a constant A ą 0 such that for any ξ P Rn, the open ball in Cn
centered at ξ, with radius A logp2` }ξ}q contains a point ζ for which
(1.1) |F pζq| ą pA` }ξ}q´A.
Let us recall that the Paley-Wiener Theorem for distributions in Rn states
that the Fourier transform µ ÞÑ µ˚ is a linear bijection from the vector
space of distributions supported in the closed ball BR of radius R centered
at 0 P Rn onto the vector space of entire functions on Cn of exponential
type R and which are slowly (i.e., polynomially) increasing on Rn. These
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are precisely the entire functions F on Cn for which there is an integer
N P Z` and a constant C such that
(1.2) |F pζq| ď C p1` }ζ}qN eR }Im ζ}, ζ P Cn.
Suppose that F is entire in Cn and satisfies the Paley-Wiener estimate (1.2).
If F happens to be slowly decreasing, then in fact the point ζ satisfying (1.1)
can be found in Rn. (The constant Amay need to be increased, but this does
not change the condition of slow decrease.) This is a consequence of Theorem
5 in [Ehr55a], which Ehrenpreis calls a “minimum modulus theorem.”
In the fourth paper in his series on “Solutions of Some Problems of Division,”
published in 1960, Ehrenpreis proved the following result.
Theorem 1.1. ([Ehr60], Section 2.) Let µ P E 1pRnq. Then the following
are equivalent:
(a) The Fourier transform µ˚pζq is slowly decreasing.
(b) The convolution operator cµ maps EpRnq onto EpRnq.
(c) The convolution operator cµ maps D
1pRnq onto D1pRnq.
(d) There is a distribution S P D1pRnq such that S ˚ µ “ δ0.
(e) The linear map f ˚ µ ÞÑ f is continuous from cµpDpRnqq to DpRnq.
Following Ehrenpreis, we will call a distribution µ invertible if it satisfies
any of the equivalent conditions in Theorem 1.1. (The term is appropriate
because of the last condition above.)
We call the distribution S in (d) a fundamental solution to cµ. Theorem
1.1 clearly implies the existence of fundamental solutions to constant coef-
ficient differential operators on Rn, the well-known Malgrange-Ehrenpreis
Theorem.
As to condition (c), the key to the proof of the surjectivity of cµ for EpRnq is
the fact that the slow decrease condition is equivalent to the condition that
if T is a distribution in E 1pRnq such that T ˚{µ˚ is entire, then it is slowly
increasing on Rn. Since T ˚{µ˚ is necessarily of exponential type ([Mal56],
Theorem 1 or [Ehr55b], Theorem 4), it must be the Fourier transform of a
distribution S P E 1pRnq.
There is yet another equivalent condition for µ to be invertible, due to
Ho¨rmander: the “propagation” of singular supports. This is given in Lemma
4.2, and is crucial to the proof of one of main theorems, Theorem 4.1.
It is natural to try to consider the analogue of Theorem 1.1 to Riemannian
symmetric spaces of the noncompact type, at least in the K-invariant case.
This is the aim of the present paper. As a corollary to one of our main results,
we will obtain the existence of fundamental solutions to invariant differential
operators on such spaces, a fact which was first proved by Helgason in 1964
([Hel64]).
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2. Notation and Preliminaries
2.1. Euclidean Fourier Transforms. The Fourier transform for appro-
priate functions F on Rn will be denoted by F ˚:
F ˚pξq “
ż
Rn
fpxq e´ixx,ξy dx, ξ P Rn.
The Fourier transform of a compactly supported distribution S in Rn will
likewise be denoted by S˚:
S˚pζq “
ż
Rn
e´ixx,ζy dSpxq, ζ P Cn.
We say that an entire function Ψ on Cn is of exponential type A ě 0 if
there is a constant C such that |Ψpζq| ď C eA }ζ} for all ζ P Cn. The Paley-
Wiener Theorem for functions states that the Fourier transform is a linear
bijection from DpRnq onto the vector space of entire functions F on Cn of
exponential type which are rapidly decreasing on Rn. These are precisely
the entire functions F for which there exists an A ě 0 such that
sup
ζPCn
|F pζq| p1 ` }ζ}qN e´A }Im ζ} ă 8, N P Z`.
(See [Ho¨r05], Theorem 16.3.10 for a further exposition on “exponential
type.”) We can topologize the range DpRnq˚ so that the Fourier trans-
form is a homeomorphism. There are more “intrinsic” characterizations of
this topology on DpRnq˚, which are in fact used to prove Theorem 1.1. See,
for example, [Ehr56b], Theorem 1, or [Hel11], Theorem 4.9.
2.2. Test Function and Distribution Spaces on Manifolds. The topol-
ogy of EpMq and of DpMq, for M any manifold, is discussed in detail in
[Hel00], Chapter II. To summarize, EpMq is the vector space C8pMq, en-
dowed with the topology of uniform convergence on compact sets in M of
all derivatives Df , for f P C8pMq, where D is any C8 linear differential
operator on M . Since M is σ-compact, EpMq is easily seen to be a Fre´chet
space.
An alternative description of the topology of EpMq is as follows. If U is any
coordinate neighborhood in M , we can think of U as an open subset of Rn,
and endow EpUq with its usual Fre´chet space topology. The space EpMq is
then given the weakest topology that makes the restriction maps f ÞÑ f |U
continuous, for all coordinate neighborhoods U in M .
For any compact subset B of M , the space DpBq of C8 functions supported
in B is given the topology inherited from EpMq. DpBq is then a Fre´chet
space. The space DpMq is the vector space C8c pMq, endowed with the
inductive limit topology generated by the DpBq. In particular, a convex
set W in DpMq is a neighborhood of 0 if and only if W X DpBq is a 0-
neighborhood in DpBq for all B.
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Since M is second countable, it is the union of a nested increasing sequence
tUju of relatively compact open sets, and we may take the Fre´chet spaces
DpU jq to be a sequence of definition of DpMq. The topology of DpMq is in-
dependent of the choice of the sequence tUju. IfM is a complete Riemannian
manifold, we may take the Uj to be open balls of radius j.
In caseM is a Riemannian manifold for which the exponential map at a given
point p is a diffeomorphism (such as when M is a Riemannian symmetric
space of the noncompact type), then the spaces DpMq and EpMq can be
naturally identified with the corresponding Euclidean test function spaces
on the tangent space to M at p.
The dual spaces D1pMq and E 1pMq are the spaces of distributions and com-
pactly supported distributions on the manifoldM . We will endow these dis-
tribution spaces with their strong dual topologies (of uniform convergence on
bounded subsets of DpMq and EpMq, respectively). In the analysis that we
will carry out in this paper, we could just as easily use the weak*-topologies
on these dual spaces, since for both the strong and the weak*-topologies
on D1pMq and E 1pMq, the convergent sequences are the same ([Tr67], 34.4,
Corollary 2), the closed convex sets are the same ([Tr67], Proposition 36.2),
and, since DpMq and EpMq are reflexive, the bounded sets are the same
([Tr67], Theorem 36.2).
2.3. Convolutions on Lie Groups and Homogeneous Spaces. Let G
be a unimodular Lie group with Haar measure du, normalized so G has unit
measure in case G is compact. If φ and ψ are appropriate functions on G
(e.g., both C8 and one with compact support), the convolution φ ˚ ψ is
given by
φ ˚ ψpgq “
ż
G
φpuqψpu´1gq du “
ż
G
φpgu´1qψpuq du, g P G.
If φ is a C8 function and T a distribution on G, one of them with compact
support, then convolutions φ ˚T and T ˚φ are the C8 functions on G given
by
φ ˚ T pgq “
ż
G
φpgu´1q dT puq,
T ˚ φpgq “
ż
G
φpu´1gq dT puq, g P G.
In the above we have used the integral convention for distributions. If S and
T are distributions on G, one with compact support, then the convolution
S ˚ T is the distribution on G given by
S ˚ T pφq “
ż
GˆG
φpuvq dSpuq dT pvq, φ P DpGq.
We interpret the above as an iterated integral; the order does not matter.
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If φ is any function on G, we let qφpgq “ φpg´1q. Likewise, if S is any
distribution on G, we define the distribution qS by qSpφq “ Spqφq for all
φ P DpGq.
For a fixed distribution S, the map T ÞÑ S ˚T is the adjoint to the map φ ÞÑqS ˚ φ, and for fixed T , the map S ÞÑ S ˚ T is the adjoint to φ ÞÑ φ ˚ qT . Here
the appropriate test function space that φ belongs to depends on whether
the distribution it is being convolved with has compact support. In any
event, the bilinear map pS, T q ÞÑ S ˚ T is therefore separately continuous
(say, from D1pGq ˆ E 1pGq to D1pGq). Unfortunately, this map is not jointly
continuous. (See [Tr67], Ch.41.) By the Banach-Steinhaus Theorem, it is,
however, hypocontinuous; that is to say, equicontinuous in each factor over
fixed bounded subspaces of the other factor.
Convolutions in G are commutative if and only if G is abelian.
Now suppose that K is a compact subgroup of G. Convolution of functions
or distributions on G{K is carried out by lifting them to G. The convolution
calculus on G{K is discussed at length in [Hel00], Ch. II, §5.
To summarize, let π : G Ñ G{K be the quotient map. If φ is any C8
function on G, we define φπ on G{K by
(2.1) φπpgKq “
ż
K
φpgkq dk, g P G.
Then the map φ ÞÑ φπ is a continuous surjection from DpGq onto DpG{Kq
(or from EpGq onto EpG{Kq). If Λ is a distribution on G{K, then its pullback
is the distribution rΛ on G given by rΛpφq “ Λpφπq. Thus Λ ÞÑ rΛ is the adjoint
of φ ÞÑ φπ. The map Λ ÞÑ rΛ is continuous and injective, and its range is
the closed subspace D1pGqRK of right K-invariant distributions on G. If
F P DpG{Kq, then ΛpF q “ rΛp rF q.
If Λ and µ are distributions on G{K, one with compact support, then their
convolution Λ ˚ µ is the distribution on G{K defined by pΛ ˚ µq„ “ rΛ ˚ rµ,
where we note that rΛ ˚ rµ belongs to D1pGqRK . Explicitly, for F P DpG{Kq,
we have
pΛ ˚ µqpF q “ prΛ ˚ rµqp rF q
“
ż
G{K
ż
G{K
ż
K
F pgkhKq dk dΛpgKq dµphKq.(2.2)
If F is a C8 function G{K and µ a distribution on G{K, one with compact
support, then F ˚ µ is similarly defined by lifting to G, and we have
(2.3) F ˚ µpgKq “
ż
G
ż
K
F pgkh´1Kq dk dµphKq.
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For a fixed µ P E 1pG{Kq, let cµ denote the right convolution operator Λ ÞÑ
Λ ˚ µ on D1pG{Kq. We will also use cµ to denote the right convolution
operator F ÞÑ F ˚ µ on the Fre´chet space EpG{Kq.
Proposition 2.1. cµ is a continuous linear operator on D
1pG{Kq, as well
as on EpG{Kq.
Proof. Let DpGqK and EpGqK denote the closed subspaces of right K-
invariant functions in DpGq and EpGq, respectively. Then EpGqK is a Fre´chet
space and DpGqK is an LF -space (See Lemma 6.1 below).
The pullback F ÞÑ rF , being a continuous bijection from DpG{Kq onto
DpGqRK , is therefore a homeomorphism by the Open Mapping Theorem.
(This can also be seen directly because the inverse of the pullback is the
continuous map φ ÞÑ φπ.) The dual space of DpGqRK , which can be identi-
fied with D1pGqRK , is thus homeomorphic to D1pG{Kq. This means that the
pullback Λ ÞÑ rΛ is a linear homeomorphism from D1pG{Kq onto D1pGqRK .
Hence Λ ÞÑ Λ ˚ µ can be viewed as the composition of continuous maps
Λ ÞÑ rΛ ÞÑ rΛ ˚ rµ “ pΛ ˚ µq„ ÞÑ Λ ˚ µ.
The proof that cµ is continuous on EpG{Kq is similar. 
If f is a continuous function on X, we let f 6 denote the average
ş
K
f ℓk dk.
Likewise, if µ P E 1pG{Kq , we let µ6 denote the average of µ with respect
to left translations by K: µ6 “ ş
K
µℓk dk. Then µ6 is a left K-invariant
distribution on G{K, and the relation (2.2) shows that cµ “ cµ6 . Thus, in
studying mapping properties of cµ, we do not lose generality by assuming
that µ is left K-invariant.
Finally, if pG,Kq is a Gelfand pair (as when pG,Kq is a Riemannian sym-
metric pair), we recall that convolution on G{K is commutative on left
K-invariant functions and distributions.
3. Convolution Operators on Noncompact Symmetric Spaces
Many questions about analysis in Euclidean spaces can also be asked about
homogeneous spaces, and more specifically symmetric spaces, because of the
latter’s rich structure. Since the resulting harmonic analysis is necessarily
noncommutative and (in the noncompact case) depends to some extent on
the Iwasawa and polar decomposition G “ NAK and G “ KA`K, respec-
tively, proofs are often rather different from the ones for Rn and involve
additional nontrivial considerations such as Weyl chamber walls.
In the present case, it is natural to try to consider the analogue of Theorem
1.1 for Riemannian symmetric spaces of the noncompact type. To settle
notation, we will follow that of Helgason’s books [Hel01, Hel00, Hel08].
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Let X “ G{K be a noncompact Riemannian symmetric space, where G is a
connected noncompact real semisimple Lie group with finite center, and K
is a maximal compact subgroup of G. Let g and k be the Lie algebras of G
and K, respectively. Then g has Cartan decomposition g “ k`p, where p is
the orthogonal complement of k with respect to the Killing form of g. We let
o denote the coset tKu of G{K, and identify p with the tangent space ToX.
We endow X with the Riemannian metric induced from the restriction of
the Killing form to p. The map Y ÞÑ expY ¨ o is a diffeomorphism of p onto
X.
Fix a maximal abelian subspace a of p and let A “ exp a. The map exp: a Ñ
A is a diffeomorphism; let log : A Ñ a be its inverse. Let Σ be the set of
restricted roots of g with respect to a, and for each α P Σ, let gα be the
corresponding restricted root space, and let mα “ dim gα. Let W be the
Weyl group associated with the root system Σ.
Fix a Weyl chamber, denoted a`, in a, and let Σ` be the corresponding
system of positive restricted roots. Let n “ řαPΣ` gα and N “ exp n.
The Lie group G has the Iwasawa decompositions G “ KAN “ NAK. For
each g P G, in accordance with the decomposition G “ KAN , we write
g “ kpgq expHpgqnpgq, where Hpgq P a. Likewise, in accordance with
the decomposition G “ NAK, we write g “ n1pgq expApgq k1pgq, where
Apgq P a. Clearly, Apgq “ ´Hpg´1q.
A horocycle in X is an orbit in X of a conjugate of N . The group G acts
transitively on the set Ξ of horocycles, so the latter is a homogeneous space
of G; the isotropy subgroup of G fixing the horocycle ξ0 “ N ¨ o is MN ,
where M is the centralizer of A in K. Thus Ξ “ G{MN .
The map pkM, aq ÞÑ ka ¨ ξ0 is a diffeomorphism of the product manifold
K{M ˆA onto Ξ. If ξ “ ka ¨ ξ0, we say that the coset kM is the normal to
ξ. For convenience, we put B “ K{M .
For each x “ g ¨ o P X and each b “ kM , there is a unique horocycle in X
containing x with normal b. In other words, there is a unique a P A such
that x P ka ¨ξ0; let Apx, bq “ log a. Then Apx, bq “ ´Hpg´1kq. Apx, bq is the
multidimensional “directed distance” in X from o to the horocycle through
x with normal kM . (Apx, bq is the analogue, in G{K, of the dot product
x ¨ω in Rn, for x P Rn and ω P Sn´1, which gives the directed distance from
0 P Rn to the hyperplane with normal ω containing x.)
The Killing form on a extends naturally to the complexification aC, and
by duality to the dual space a˚ and ita complexification a˚
C
. Let ρ “
p1{2q řαPΣ` mα α.
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The Fourier transform of a function f P DpXq is the function rf on a˚
C
ˆB
given by
(3.1) rfpλ, bq “ ż
X
fpxq ep´iλ`ρqApx,bq dx
Likewise, if µ P E 1pXq, its Fourier transform is the function
(3.2) rµpλ, bq “ ż
X
ep´iλ`ρqApx,bq dµpxq, pλ, bq P a˚C ˆB.
In case µ, or f , is left K-invariant, the Fourier transform is independent of
b and reduces to the spherical Fourier transform, which in the case of µ is
given by
(3.3) rµpλq “ ż
X
ϕ´λpxq dµpxq, λ P a˚C.
Here ϕλ is the spherical function
ϕλpxq “
ż
B
epiλ`ρqApx,bq db, x P X.
The inversion formula for the spherical Fourier transform was essentially
obtained by Harish-Chandra in 1958 ([HC58]) and the Paley-Wiener the-
orem for the Fourier and spherical Fourier transforms on X was obtained
by Helgason in 1973 ([Hel73]); reasonably accessible proofs of these results,
now classical, can be found in [Hel00], Ch. IV, and [Hel08], Ch. III.
In particular, let EKpXq denote the subspace of EpXq consisting of the leftK-
invariant functions. Its dual space is E 1KpXq, the subspace of leftK-invariant
distributions in E 1pXq. Then the spherical Fourier transform µ ÞÑ rµ is a
linear bijection from E 1KpXq onto the space KW pa˚Cq of holomorphic functions
on a˚
C
of exponential type and of slow increase in a˚.
For a fixed µ P E 1KpXq, let cµ : EpXq Ñ EpXq be the convolution operator
cµpfq “ f ˚ µ. In a previous paper ([CGK17], Theorem 5.1), it was proved
that if rµ is slowly decreasing, then cµ : EpXq Ñ EpXq is surjective.
In this paper, one of our main results is the converse assertion, which we
state below.
Theorem 3.1. Suppose that µ P E 1KpXq. If cµ : EpXq Ñ EpXq is surjective,
then rµ is a slowly decreasing function on a˚
C
.
The main proof of Theorem 3.1 will occur in Section 4. The idea is to
transfer the analysis to a by means of the Abel transform. In order to start
the process, we first recall a few facts about the horocycle Radon transform
and the Abel transform on compactly supported distributions on X.
Let F P Epaq. For each b “ kM P B, let F b be the horocycle plane wave
F bpxq “ F pApx, bqq. (It is called a horocycle plane wave since it is constant
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on horocycles with normal b.) The function ΦF onXˆB given by ΦF px, bq “
F bpxq is clearly C8, and the linear map F ÞÑ ΦF from Epaq to EpX ˆ Bq
is therefore a continuous map of Fre´chet spaces, being the pullback of the
smooth map px, bq ÞÑ Apx, bq from X ˆB to a.
In particular, for each b P B, the map F ÞÑ F b is continuous from Epaq
to EpXq. The adjoint of this map is the horocycle Radon transform Rb
from E 1pXq to E 1paq. Explicitly, for fixed b P B and µ P E 1pXq, the Radon
transform Rb µ is the (compactly supported) distribution on a given by
(3.4) Rb µpF q “ µpF bq, for all F P Epaq.
Thus
RbµpF q “
ż
X
F pApx, bqq dµpxq, F P Epaq.
Since }Apx, bq} ď dpo, xq for all x P X and all b P B, it is clear that if µ has
support in the closed ball BRpoq Ă X, then Rb µ has support in the closed
ball tH P a : }H} ď Ru.
If rµ denotes the Fourier transform of S, then we have the projection-slice
theorem:
rµpλ, bq “ ż
X
ep´iλ`ρqApx,bq dµpxq
“ peρRb µq˚ pλq.(3.5)
where S ÞÑ S˚ denotes the Euclidean Fourier transform on a.
Note that Rb µ
τpkq “ Rk´1¨b µ for all k P K. Thus if µ P E 1KpXq, we see that
Rb µ “ Rb0 µ for all b P B, where b0 “ eM .
If µ P E 1KpXq, we define its Abel transform Aµ P E 1paq by
(3.6) Aµ “ eρRb0µ.
Since µ is left K-invariant, b0 can be replaced by any b P B. For µ P E 1KpXq,
the projection-slice theorem (3.5) becomes
(3.7) rµpλq “ pAµq˚pλq, λ P a˚C.
Let EW paq denote the subspace consisting of all W -invariant elements of
Epaq. Its dual space can be identified with the space E 1W paq consisting of all
W -invariant elements of E 1paq.
The Paley-Wiener Theorem for K-invariant distributions implies that the
Abel transform is a linear bijection from E 1KpXq onto E 1W paq and in fact we
have a commutative diagram of linear bijections
(3.8)
E 1KpXq E 1W paq
HW pa˚Cq
A
„ ˚
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Here HW pa˚Cq is the vector space of slowly increasing W -invariant holomor-
phic functions on a˚
C
of exponential type.
For each F P Epaq, let TF denote the K-invariant function on X given by
TF “ ppeρ F qbq6, where b is any element of B. It is easy to see that
TF pxq “
ż
B
eρpApx,bqq F pApx, bqq db, x P X.
Proposition 3.2. The map T is a linear bijection from EW paq onto EKpXq.
This bijection is of course different from the well-known bijection given by
the restriction map from EKpXq « EKppq onto EW paq.
Proof. The map T is clearly a continuous linear map of Fre´chet spaces, and
for any F P EW paq (in fact for any F P Epaq) it is clear that TF P EKpXq.
Let us now prove that the adjoint T ˚ coincides with the Abel transform
A : E 1KpXq Ñ E 1W paq. Suppose that µ P E 1KpXq. Then for any F P EW paq we
have
T ˚µpF q “ µpTF q
“
ż
X
ż
B
eρpApx,bqq F pApx, bqq db dµpxq
“
ż
B
ż
X
eρpApx,bqq F pApx, bqq dµpxq db
“
ż
B
µppeρ F qbq db
“
ż
B
Rbµ peρ F q db
“ pAµq pF q,
the last inequality resulting from the identity eρRbµ “ Aµ, for all b P B.
Since the Abel transform A : E 1KpXq Ñ E 1W paq is a bijection, it is injective
and has closed range (namely all of E 1W paq). It follows from Proposition 3.3
below that T is a bijection. 
In the last part of the proof above we have used the following fact about
linear mappings of Fre´chet spaces.
Proposition 3.3. Let E and F be Fre´chet spaces. A continuous linear
map Φ: E Ñ F is surjective if and only if the adjoint map T ˚ : F 1 Ñ E1 is
injective and has weak* closed range in E1.
For a proof, see Theorem 7.7, Ch. IV in [Sch71]. See also Theorem 3.7, Ch.
I in [Hel08] for a generalization.
Since EW paq and EKpXq are Fre´chet spaces, the Open Mapping Theorem
implies that T is a homeomorphism, and it follows that its adjoint, the Abel
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transform A : E 1KpXq Ñ E 1W paq, is also a homeomorphism (for the strong or
weak* topologies). Using either of these dual topologies, we can therefore
topologize HW pa˚Cq so that all maps in the diagram (3.8) are homeomor-
phisms.
If Λ P E 1paq, let cΛ denote the Euclidean convolution operator on Epaq (re-
spectively E 1paq) given by F ÞÑ F ˚ Λ (respectively Ψ ÞÑ Ψ ˚ Λ). Yet again
abusing notation slightly, we will denote by cΛ the convolution operator on
EpΞq given by
cΛpϕqpg ¨ ξ0q “
ż
A
ϕpg expp´Hq ¨ ξ0q dΛpHq, ϕ P EpΞq.
Since the lift to G of the right hand side is smooth, one sees that cΛϕ P EpΞq.
Proposition 3.4. Suppose that µ P E 1KpXq. Then the following diagram
commutes:
(3.9)
EW paq EW paq
EKpXq EKpXq
cAµ
T T
cµ
Proof. The commutativity of the diagram (3.9) can be proven by direct com-
putation, but since all the maps in it are continuous, it is easier to prove it
by showing that the diagram consisting of the adjoint maps is commutative:
(3.10)
E 1W paq E 1W paq
E 1KpXq E 1KpXq
c˚
Aµ
T˚
c˚µ
T˚
But as shown in the proof of Proposition 3.2, the adjoint T ˚ coincides with
the Abel transform A. In addition we have cµ˚ “ cqµ, where qµ is the K-
invariant distribution on X whose pullback to G is the reflection of the
pullback of µ with respect to the inversion g ÞÑ g´1.
Finally we have c˚
Aµ “ cpAµq_ , where pAµq_ is the reflection of the distribu-
tion Aµ with respect to the map H ÞÑ ´H of a. Thus we wish to prove the
commutativity of the diagram
(3.11)
E 1W paq E 1W paq
E 1KpXq E 1KpXq
cpAµq_
A
cqµ
A
which amounts to showing that
AS ˚ pAµq_ “ ApS ˚ qµq
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for all S P E 1KpXq. But the Euclidean Fourier transforms of both sides in a
equal rSpλqrµp´λq, completing the proof. 
Now if µ is K-invariant the relation pf ˚ µq„pλ, bq “ rfpλ, bq rµpλq and the
projection-slice theorem shows that
(3.12) Rpf ˚ µq “ Rf ˚Aµ
for all f P DpXq, where the convolution on the right is taken over the A
factor in Ξ “ K{M ˆA; explicitly,
Rf ˚Aµpb, expHq “
ż
a
Rfpb, exppH ´H 1qq dpAµqpH 1q.
The dual transform R˚ from functions on Ξ to functions on X is defined by
R˚ϕpg ¨ oq “
ż
K
ϕpgk ¨ ξ0q dk
“
ż
B
ϕpb, exppApx, bqqq e2ρpApx,bqq db pϕ P EpΞqq.(3.13)
It is known [Hel08] that the linear map R˚ : EpΞq Ñ EpXq is surjective.
Let b0 “ eM P B. If µ P E 1KpXq, let pµ “ Rb0µ “ e´ρAµ. Then pµ P E 1paq.
Proposition 3.5. If µ P E 1KpXq, then the following diagram commutes:
EpΞq EpΞq
EpXq EpXq
cpµ
R˚ R˚
cµ
Remark: This proposition is in some respects a refinement of Proposition
3.4. It is also the symmetric space analogue of the following well-known
formula for the d-plane Radon transform R on Rn:
R˚pRf ˚ ϕq “ f ˚R˚ϕ,
which holds for all f P DpRnq, ϕ P EpGpd, nqq, where Gpd, nq is the manifold
of unoriented d-planes in Rn. The convolution Rf ˚ ϕ is carried out along
the fibers of the vector bundle Gpd, nq Ñ Gd,n, where Gd,n is the Grassmann
manifold of d-dimensional subspaces of Rn.
Proof. Let ϕ P EpΞq, and let Φ be its lift to G, so that Φpgq “ ϕpg ¨ ξ0q.
Likewise, let U be the lift of the distribution µ to G, given by
UpF q “ µpFπq
for all F P EpGqq, where Fπ is as in (2.1). It is clear that U is aK-biinvariant
element of E 1pGq.
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For any g0 P G, we have
R˚pcpµpϕqqpg0Kq “
ż
K
pcpµϕqpg0k ¨ ξ0q dk
“
ż
K
ż
a
ϕpg0k expp´Hq ¨ ξ0q dpµpHq dk
“
ż
K
ż
X
ϕpg0k expp´Apx, eMqq ¨ ξ0q dµpxq dk
“
ż
K
ż
G
ϕpg0k expHpg´1q ¨ ξ0q dUpgq dk
“
ż
G
ż
K
ϕpg0 k expHpg´1q ¨ ξ0q dk dUpgq
(by Fubini’s Theorem for distributions)
“
ż
G
ż
K
ϕpg0 k kpg´1q expHpg´1q ¨ ξ0q dk dUpgq
(since K is unimodular)
“
ż
G
ż
K
ϕpg0 k g´1 ¨ ξ0q dk dUpgq
“
ż
K
ż
G
ϕpg0 k g´1 ¨ ξ0q dUpgq dk
“
ż
K
ż
G
ϕpg0 pgk´1q´1 ¨ ξ0q dUpgq dk
“
ż
K
ż
G
ϕpg0 g´1 ¨ ξ0q dUpgq dk
(since U is right K-invariant)
“
ż
G
ϕpg0 g´1 ¨ ξ0q dUpgq
“
ż
K
ż
G
ϕpg0 pk´1gq´1 ¨ ξ0q dUpgq dk
(since U is left K-invariant)
“
ż
K
ż
G
ϕpg0 g´1 k ¨ ξ0q dUpgq dk
“
ż
G
ż
K
ϕpg0 g´1 k ¨ ξ0q dk dUpgq
“
ż
G
R˚ϕpg0g´1Kq dUpgq
“ pR˚ϕ ˚ µqpg0Kq
“ cµpR˚ϕqpg0Kq,
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proving the proposition.

4. The Slow Decrease Property on Rn.
In this section, we will prove Theorem 3.1 in earnest.
Suppose that cµ : EpXq Ñ EpXq is surjective. Then for any ψ P EKpXq,
there is a ϕ P EpXq for which ϕ˚µ “ ψ. Replacing ϕ by ϕ6, we may assume
that ϕ P EKpXq. Thus cµ maps EKpXq onto EKpXq.
Now according to Proposition 3.2, the linear map T : EW paq Ñ EKpXq is
a linear bijection. Proposition 3.4 therefore shows that the convolution
operator cAµ : EW paq Ñ EW paq is surjective. We claim that this implies that
the distribution Aµ on a is invertible, that is, the holomorphic function
pAµq˚pλq “ rµpλq is slowly decreasing, which will of course prove Theorem
3.1. Our claim will be proved in Theorem 4.1 below. (This theorem will
also imply that cAµ : Epaq Ñ Epaq is surjective.)
The problem is now Euclidean and turns out not to depend on any specific
properties of the Weyl group, so for convenience we’ll replace a by Rn and
assume that W is just a finite subgroup of the orthogonal group Opnq.
There is at least one point x P Rn such that the isotropy subgroup Wx of
W at x is teu. In fact, for any w P W , let pRnqw be the subspace of Rn
consisting of points fixed by w. If w ‰ I, then pRnqw is a proper subspace
of Rn. Hence the finite union ď
w‰I
pRnqw
is not all of Rn, and we may take x to be any point in the complement of
the set above. Note that the complement of the set above is an open cone,
so we can scale x so as to be close to the origin if necessary. The orbit W ¨x
then consists of |W | distinct points.
The spaces EW pRnq and E 1W pRnq (consisting ofW -invariant smooth functions
and compactly supported distributions, respectively) are closed in EpRnq and
E 1pRnq, respectively.
As mentioned earlier, our objective is to prove the following result.
Theorem 4.1. Let Λ P E 1W pRnq and suppose that the convolution operator
cΛ : EW pRnq Ñ EW pRnq is surjective. Then Λ is invertible.
The conclusion above is not immediate from Theorem 1.1 (b), since all we
have is that convolution with Λ is surjective on W -invariant functions. (The
converse is obvious: if Λ is invertible, then cΛ : EW pRnq Ñ EW pRnq is onto.)
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To prove Theorem 4.1, we’ll take a “hard” analytical approach, although a
representation-theoretic approach may also be possible. See Remark 4.6 at
the end of this section.
Now in addition to the conditions in Theorem 1.1, there are several other
equivalent formulations for a distribution Λ P E 1pRnq to be invertible. These
can be found in [Ehr60] as well as in Chapter 16 of Ho¨rmander’s book
[Ho¨r05]. Among these, we will use the following.
Lemma 4.2. ([Ho¨r05], Theorems 16.3.9 and 16.3.10.) For a distribution
Λ P E 1pRnq, the following are equivalent:
(1) Λ is not invertible.
(2) For every x P Rn one can find S P E 1pRnq X pCpRnqzC1pRnqq with
sing supp S “ txu and Λ ˚ S P C8pRnq.
(3) There exists an S P E 1pRnq such that Λ ˚ S P C8pRnq but S R
C8pRnq.
The lemma above can be made more or less W -invariant as follows.
Lemma 4.3. Fix any point x0 P Rn such that Wx0 “ teu. A distribution
Λ P E 1W pRnq is invertible if and only if for all S P E 1W pRnq with sing supp S Ă
W ¨ x0, Λ ˚ S P C8pRnq implies that S P C8pRnq.
Proof. Suppose that Λ is invertible. If Λ ˚ S P C8pRnq, then (3) in Lemma
4.2 implies that S P C8pRnq.
Conversely, suppose that Λ is not invertible. Then (2) in Lemma 4.2 implies
that there is an S1 P E 1pRnq X pCpRnqzC1pRnqq, with sing supp S1 “ tx0u,
such that Λ ˚ S1 P C8pRnq.
Let S “ řwPW w ¨ S1. Then S is not C1 at any orbit point w ¨ x0, since
w ¨ S1 is not C1 at w ¨ x0, but w1 ¨ S1 is C8 in a neighborhood of w ¨ x0, for
any w1 ‰ w. Thus S P E 1W pRnq, sing supp S “W ¨ x0, and
Λ ˚ S “
ÿ
wPW
w ¨ pΛ ˚ S1q P C8pRnq.

For any s P R, let Hpsq denote the Sobolev space with index s, equipped
with norm
}u}psq “
ˆ
p2πq´n
ż
Rn
p1` }ξ}2qs |u˚pξq|2 dξ
˙1{2
Let L be the Laplace operator on Rn.
Lemma 4.4. For any N P Z`, there exists a constant C such that
sup |Lkupxq| ď C }u}p2N`nq,
for all u P SpRnq and all k ď N .
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Proof. For any s ą n{2 and k ď N , the Fourier inversion formula and the
Ho¨lder Inequality imply that
sup |Lkpxq| ď p2πq´n
ż
Rn
p1` }ξ}2qk |u˚pξq| dξ
ď p2πq´n
ż
Rn
p1` }ξ}2q´s{2 p1` }ξ}2qN`s{2 |u˚pξq| dξ
ď C }u}p2N`sq,
where C “ p2πq´n{2 pşp1` }ξ}2q´s dξq1{2. Letting s “ n gives us the result.

The following lemma, which is modeled on [Ho¨r05], Theorem 16.5.1, will
imply Theorem 4.1.
Lemma 4.5. Let Λ P E 1W pRnq. Suppose that for any W -invariant f P
C8c pRnq, there is a W -invariant Sf P D1pRnq such that Λ ˚Sf “ f . Then Λ
is invertible.
Proof. If v P C8c pRnq is W -invariant, then for f and Sf as above, we have
(4.1)
ż
Rn
fpxq vpxq dx “ Sf pqΛ ˚ vq,
where qΛ is the reflection of Λ through the origin. We claim that for any
closed ball BR of radius R ą 0 centered at the origin, there are constants C
and N (depending on R) such that
(4.2)
ˇˇˇˇż
Rn
f v dx
ˇˇˇˇ
ď C
ÿ
kďN
sup |Lkf | ¨
ÿ
mďN
sup |LmpqΛ ˚ vq|,
for all W -invariant f and v in C8c pBRq.
To prove (4.2), let F be the vector space C8c pBRq equipped with the topology
defined by the seminorms f ÞÑ sup |Dαf |, for all multiindices α, and let V
be the vector space C8c pBRq equipped with the topology defined by the
seminorms v ÞÑ sup |DβpqΛ ˚ vq|, for all multiindices β. (Note that qΛ ˚ v
is generally supported in a ball larger than BR, but this does not matter.)
Then F and V are metrizable topological vector spaces and F is complete.
The topologies on F and V are equally well defined by the seminorms
(4.3) f ÞÑ sup |Lkf | and v ÞÑ sup |LmpqΛ ˚ vq|, k,m P Z`.
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This is because }ξ}2k |f˚pξq| ď vol pBRq ¨ sup |Lkf | for any ξ P Rn and for
any k. Hence for any multiindex β, we can choose m ě |β|{2 to obtain
|Dβfpxq| ď p2πq´n
ż
Rn
|ξβ | |f˚pξq| dξ
ď p2πq´n
ż
Rn
p1` }ξ}2qm |f˚pξq| dξ
“ p2πq´n
ż
Rn
p1` }ξ}2q´n p1` }ξ}2qm`n |f˚pξq| dξ
ď p2πq´n vol pBRq ¨
ż
Rn
p1` }ξ}2q´n dξ ¨ sup |p1` Lqm`n f |
“ C sup |p1 ` Lqm`n f |.
We will use the seminorms (4.3) for F and V . Let FW and VW be the
subspaces of F and V consisting of W -invariant elements. Then FW and
VW are closed subspaces of F and V with topologies given by the seminorms
(4.3). Now consider the bilinear form on FW ˆ VW given by
(4.4) xf, vy “
ż
Rn
f v dx.
For each fixed v, the bilinear form (4.4) is trivially continuous with respect
to f , and for each fixed f , (4.1) implies that the form is continuous with
respect to v. Since FW is an F -space and VW is metrizable, the Banach-
Steinhaus Theorem implies that the bilinear form (4.4) is jointly continuous
on FW ˆ VW , proving (4.2). (See [Rud91], Theorem 2.17.)
Now suppose that x0 is a point such that Wx0 “ teu. Since Λ is invertible if
and only if qΛ is invertible, Lemma 4.3 shows that it suffices to prove that if
S P E 1W pRnq with sing supp S Ă W ¨ x0, then qΛ ˚ S P C8pRnq implies that
S P C8pRnq.
So fix such an S. Then fix an open ball BR containing the support of S,
and then consider the subspaces FW and VW of C
8
c pBRq as above. Let χ be
any nonnegative radial compactly supported C8 function with
ş
Rn
χdx “ 1,
and set χδpxq “ δ´n χpx{δq. For small δ, the convolution
Sδ “ S ˚ χδ
is an element of VW . Moreover, for any m P Z`, we have
(4.5) sup |LmpqΛ ˚ Sδq| “ sup |LmpqΛ ˚ Sq ˚ χδ| ď sup |LmpqΛ ˚ Sq| ă 8.
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Let ℓ P Z`. Then for small δ, applying the estimate (4.2) to LℓSδ and using
(4.5) above, we obtainˇˇˇˇż
Rn
f pLℓpS ˚ χδqq dx
ˇˇˇˇ
ď C
ÿ
mďN
sup |LmpqΛ ˚ LℓpS ˚ χδqq| ¨ ÿ
kďN
sup |Lkf |
ď C
ÿ
mďN
sup |Lℓ`mpqΛ ˚ Sq| ¨ ÿ
kďN
sup |Lkf |(4.6)
“ Cℓ
ÿ
kďN
sup |Lkf |,
for all f P FW , where Cℓ is the product of the first two factors in (4.6).
Lemma 4.4 then shows that there is a constant Dℓ such thatˇˇˇˇż
Rn
f pLℓS ˚ χδq dx
ˇˇˇˇ
ď Dℓ }f}p2N`nq,
for all f P FW and all small δ ą 0. Letting δ Ñ 0, we obtain
(4.7) |LℓS pfq| ď Dℓ }f}p2N`nq,
for all f P FW .
Now let g P F . Since LℓS is W -invariant, we can apply the estimate (4.7)
to the average f “ přwPW gwq{|W | P FW to obtain
|LℓS pgq| “ |LℓS pfq|
ď Dℓ}f}p2N`nq
ď Dℓ|W |
ÿ
wPW
}gw}p2N`nq
“ Dℓ }g}p2N`nq.(4.8)
Now fix a function ψ P C8c pBRq that is identically 1 in a neighborhood of
supp S. Then for all g P SpRnq, (4.8) shows that
|LℓSpgq| “ |LℓSpψgq|
ď Dℓ }ψ g}p2N`nq
ď C 1 }g}p2N`nq,
for all g P SpRnq, where C 1 depends on ℓ, R, and ψ. (Here we have used
the fact that g ÞÑ ψ g is bounded on Hpsq, for all s P R. See, e.g., [Fol95],
Proposition 6.12.) Since SpRnq is dense in Hp2N`nq, LℓS extends uniquely
to a bounded linear functional on Hp2N`nq. Hence LℓS P Hp´2N´nq for all
ℓ, and this shows that S P C8pRnq.
This finishes the proof of Lemma 4.5, and completes the proof of Theorem
4.1, as well as our main result Theorem 3.1. 
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Remark 4.6. It may also be possible to prove that Λ ˚ EpRnq “ EpRnq
as follows. Both EpRnq and E 1pRnq are (finite) direct sums of W -isotypic
components:
(4.9) EpRnq “
ÿ
πPxW
EπpRnq, E 1pRnq “
ÿ
πPxW
E 1πpRnq,
where xW is the unitary dual of W . Here of course, EW pRnq and E 1W pRnq are
the isotypic components corresponding to the trivial representation of W .
If one can prove that
(4.10) EW pRnq ˚ E 1πpRnq “ EπpRnq,
then it will follow that
Λ ˚ EπpRnq “ Λ ˚ EW pRnq ˚ E 1πpRnq “ EW pRnq ˚ E 1πpRnq “ EπpRnq,
and, by (4.9), this implies that Λ ˚ EpRnq “ EpRnq. It can be shown that
EW pRnq ˚ E 1πpRnq is dense in EπpRnq. (In fact, one only needs to convolve
EW pRnq with finitely many distributions in E 1πpRnq to achieve density.) How-
ever, as of this writing the authors could not obtain a proof of the equality
in (4.10).
5. Convolutions with General Distributions
We now extend our results to general distributions µ P E 1pXq. Recall from
Section 2 that we defined µ6 to be the average of the left K-translates of µ.
As observed in that section, we have cµ “ cµ6 .
Theorem 5.1. Let µ P E 1pXq. Then the right convolution operator cµ : f ÞÑ
f ˚µ from EpXq to EpXq is surjective if and only if the holomorphic function
on a˚
C
given by
λ ÞÑ
ż
B
rµpλ, bq db
is slowly decreasing.
Proof. Since cµ “ cµ6 , cµ is surjective if and only if cµ6 is surjective. But by
Theorem 3.1 and Theorem 5.1 in [CGK17], cµ6 is surjective if and only if
the spherical Fourier transform pµ6q„ is slowly decreasing. Now for any λ P
a˚
C
, the left K-invariance of ϕ´λ and the Fubini Theorem for distributions
CONVOLUTION OPERATORS ON SYMMETRIC SPACES 20
implies that
pµ6q„pλq “
ż
X
ϕ´λpxq dµ6pxq
“
ż
X
ϕ´λpxq dµpxq
“
ż
X
ż
B
ep´iλ`ρqApx,bq db dµpxq
“
ż
B
ż
X
ep´iλ`ρqApx,bq dµpxq db
“
ż
B
rµpλ, bq db.
This finishes the proof. 
6. Fundamental Solutions of Convolution Operators
Since the exponential map from p onto X is a diffeomorphism, the topology
of DpXq is the same as the topology of Dppq. Now let DKpXq denote the
space of left K-invariant functions in DpXq. Likewise we let DW paq be the
subspace of Dpaq consisting of its W -invariant elements. We endow these
subspaces with the induced topologies.
By definition, a projection on a topological vector space is just a continuous
linear operator P on that space such that P 2 “ P . The averaging operator
f ÞÑ f 6 is a projection from DpXq onto DKpXq. Likewise, averaging over
W , we get a projection from Dpaq onto DW paq.
While a closed subspace of an LF space is not necessarily an LF space, the
following lemma shows that the fixed point subspace of a projection of an
LF space is one as well.
Lemma 6.1. Let D be an LF space, and let the sequence of Fre´chet spaces
tDju be a sequence of definition of D. Suppose that P : D Ñ D is a continu-
ous linear map such that P 2 “ P and P pDjq Ă Dj, for all j. Then the fixed
point subspace DP (with the induced topology) is an LF space, with sequence
of definition tDPj u.
Proof. Note that DPj “ P pDjq for all j, and that P pDq “ DP “
Ť
j D
P
j .
The inclusion maps DPj ãÑ D are all continuous, so the inductive limit
topology on DP is finer than its subspace topology induced from D.
On the other hand, suppose that U is a convex open neighborhood of 0
in the inductive limit topology of DP . We claim that V “ P´1pUq is a
neighborhood of 0 in D. Since VXDP “ U , this will prove that the subspace
topology on DP is finer than the inductive limit topology.
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Now V is certainly convex, and since P pDjq Ă Dj for each j, we have
V XDj “ P´1pUq XDj
“ pP |Dj q´1pU XDPj q
But UXDPj is open (by definition) in DPj and P |Dj : Dj Ñ DPj is continuous.
Hence V X Dj is open in Dj for each j, so V is open in D. This completes
the proof. 
Theorem 6.2. Suppose that µ P E 1KpXq. Then the right convolution oper-
ator cµ : D
1
KpXq Ñ D1KpXq is surjective if and only if the spherical Fourier
transform rµpλq is slowly decreasing in a˚
C
.
Proof. The Paley-Wiener Theorem for the spherical Fourier transform (see
[Hel00], Chapter IV) states that the image of DKpXq under the spherical
Fourier transform is the space of W -invariant holomorphic functions of ex-
ponential type in a˚
C
which are rapidly decreasing in a. Since this is also
precisely the image of DW paq under the (Euclidean) Fourier-Laplace trans-
form on a, the projection-slice theorem (3.7) shows that the Abel transform
A : DKpXq Ñ DW paq is a linear bijection.
By Lemma 6.1, both DKpXq and DW paq are LF spaces. Now the Abel
transform A : DKpXq Ñ DW paq is continuous by Lemma 3.5, Ch. I in
[Hel00]. Hence the Open Mapping Theorem, which holds for LF spaces
([DS49], The´ore`me I) implies that A is a homeomorphism.
Now the adjoint of the commutative diagram
(6.1)
DKpXq DKpXq
DW paq DW paq
cµ
A A
cAµ
is the commutative diagram
(6.2)
D1KpXq D1KpXq
D1W paq D1W paq
cqµ
T
cpAµq_
T
where T is the adjoint of A. Since A is a homeomorphism, T is a bijection.
Suppose that rµpλq is slowly decreasing. Then pqµq„pλq “ rµp´λq is slowly
decreasing. Now this equals ppAµq_q˚pλq, so by [Ehr60], Theorem 2.2, the
convolution operator
cpAµq_ : D1paq Ñ D1paq
is surjective. Since Aµ is W -invariant, we can take averages over W to
conclude that
cpAµq_ : D1W paq Ñ D1W paq
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is surjective. The diagram (6.2) then shows that cqµ : D1KpXq Ñ D1KpXq is
surjective. Interchanging µ and qµ, we conclude that cµ is also surjective.
Conversely, suppose that cµ : D
1
KpXq Ñ D1KpXq is surjective. Then the di-
agram (6.2) (with µ replaced by qµ) shows that cAµ : D1W paq Ñ D1W paq is
surjective. Lemma 4.5 then implies that pAµq˚pλq “ rµpλq is slowly decreas-
ing.

In the proof above, we used the fact that the Abel transform A : DKpXq Ñ
DW paq is a homeomorphism. Since DKpXq « DKppq, a simpler homeomor-
phism is given by the restriction map f ÞÑ f |a from DKppq onto DW paq.
Let DpXq denote the algebra of left G-invariant differential operators on
X, and let Γ: DpXq Ñ SW paq be the Harish-Chandra isomorphism, where
SW paq is the algebra of W -invariant elements of the symmetric algebra Spaq
(or the algebra ofW -invariant polynomial functions on a˚
C
). Each D P DpXq
can be thought of as a convolution operator cµ, where µ “ D δo. Then for
this distribution µ, we have rµpλq “ ΓpDqpiλq, for all λ P a˚
C
.
Corollary 6.3. Let D be a nonzero element of DpXq. Then D has a fun-
damental solution.
Proof. The function λ ÞÑ ΓpDqpiλq is a polynomial function on a˚
C
, hence
slowly decreasing. 
The existence of fundamental solutions of invariant differential operators on
symmetric spaces was proved by Helgason in 1964 ([Hel63], [Hel64]).
It would be interesting (and natural) to try to extend Theorem 6.2 to the
surjectivity of cµ on all of D
1pXq. There is no proof that we know of at
present. In the case when cµ is a left-invariant differential operator D,
Eguchi ([Egu79], Theorem 10) claims that DpD1pXqq “ D1pXq, but as Pro-
fessor Helgason pointed out to us, his proof rests on the unproven claim that
the subspace D˚pDpXqq of the LF space DpXq is likewise an LF space.
For a fixed µ P E 1KpXq, let us say that a distribution S on X is a fundamental
solution of cµ if S˚µ “ δo. Theorem 6.2 says that if rµpλq is slowly decreasing,
then cµ has a fundamental solution. The converse is actually also true. To
prove it, we need a few preliminary results.
Theorem 6.4. (The Theorem of Supports.) Let S, T P E 1pRnq. If supp
denotes support and ch denotes the convex hull in Rn, then
chpsupp pS ˚ T qq “ chpsuppSq ` chpsuppT q.
This theorem, due to J-L. Lions, is a standard result in distribution theory.
See, for example, [Ho¨r03], Theorem 4.3.3.
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Lemma 6.5. Fix µ P E 1KpXq and let E Ă E 1KpXq. If there is a ball BRpoq
of X containing the supports of all the distributions in cµpEq, then there is
a ball BR1poq containing the supports of all the distributions in E.
Proof. If we replace µ by qµ in (3.11), we obtain the commutative diagram
(6.3)
E 1KpXq E 1KpXq
E 1W paq E 1W paq,
cµ
A A
cAµ
where the Abel transformA is a linear bijection. The hypothesis thus implies
that the distributions in the image ApcµpEqq “ cAµpApEqq are all supported
in the ball BRp0q Ă a. By the Theorem of Supports, the distributions in
ApEq are supported in some ball BR1p0q. By the forward Paley-Wiener
Theorem and the relation (3.7), we see that the spherical Fourier transformsrSpλq, for S P E, are all of exponential type R1. The Paley-Wiener Theorem
for the spherical Fourier transform on K-invariant distributions then implies
that the distributions in E are all supported in BR1poq. 
If we endow D1pXq with either the weak* or strong topology, then the cor-
responding subspace topology of D1KpXq “ pD1pXqqK coincides with its
weak* or strong topology as the dual space of DKpXq. The same goes for
E 1KpXq, E 1W paq, etc. Recall that the bounded sets are the same for the strong
and weak* topologies in the dual spaces.
Theorem 6.6. Let B Ă E 1pRnq. Then B is bounded in E 1pRnq if and only if
there are positive constants A and C and a nonnegative integer N such that
(i) The Fourier transform S˚pζq is of exponential type A, for every S P
B, and
(ii) for all S P B and all ξ P Rn, we have
|S˚pξq| ď C p1` }ξ}qN .
See [Ehr56a], Theorem 7.
Theorem 6.7. Fix µ P E 1KpXq. Then cµ has a fundamental solution if and
only if its spherical Fourier transform rµpλq is slowly decreasing.
Proof. If rµpλq is slowly decreasing, then Theorem 6.2 guarantees the exis-
tence of S P D1KpXq such that S ˚ µ “ δo.
The converse is the hard part. Suppose that there exists an S P D1pXq
such that S ˚ µ “ δo. Replacing S by S6, we may assume that S P D1KpXq.
We wish to prove that rµ is slowly decreasing. For this, we first make the
following claim:
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The map Ψ˚µ ÞÑ Ψ from cµpE 1KpXqq to E 1KpXq takes bounded sets to bounded
sets.
We now prove the claim. Suppose that B Ă E 1KpXq such that cµpBq is
bounded. Then there is a ball BRpoq containing the supports of all the
elements of cµpBq, so by Lemma 6.5, there is a ball BR1poq containing the
supports of all the elements of B.
Now since convolution on E 1KpXq is commutative, we have
S ˚ cµpBq “ S ˚ µ ˚B “ δo ˚B “ B ˚ δo “ B.
The convolution operator cS : E
1
KpXq Ñ D1KpXq is continuous, so B is a
bounded subset of D1KpXq. Since the elements of B are all supported in the
same compact set BR1poq, we conclude that in fact B is bounded in E 1KpXq,
proving the claim.
We will now show that any distribution µ P E 1KpXq satisfying the claim
is slowly decreasing. Since A : E 1KpXq Ñ E 1W paq is a homeomorphism, the
diagram (6.3) shows that the map T ˚AµÑ T from E 1W paq ˚Aµ to E 1W paq
takes bounded sets to bounded sets.
Now suppose that rµ is not slowly decreasing. All we need is to produce a
sequence tEju contradicting the claim, i.e.
(1) tEju is an unbounded set in E 1W paq;
(2) tEj ˚Aµu is a bounded set in E 1W paq.
For this, we will follow Ehrenpreis’ proof in [Ehr60], Theorem 2.2 and adapt
it to the W -invariant situation.
All of our analysis shifts at this point to a˚ and a˚
C
, so for simplicity we
will identify these spaces with Rn and Cn, respectively. Moreover, we will
not use any special properties of W , so we’ll just assume that it is a finite
subgroup of Opnq.
Since rµ “ pAµq˚ is not slowly decreasing, there is a sequence tξju of points
in a˚ “ Rn, such that for each j and for all ξ P a˚ “ Rn satisfying }ξ´ ξj} ă
2j logp2` }ξj}q,
(6.4) |rµpξq| ď p2j ` }ξj}q´2j .
Notice that since rµ is W -invariant, the same condition holds if we replace
ξj by σ ¨ ξj , for any σ PW . The sequence tξju necessarily satisfies }ξj} Ñ 8
as j Ñ8.
Now for each j “ 1, 2, . . ., define the function hj on C by
hjpzq “
ˆ
sinpπz{jq
pπz{jq
˙2j
.
The functions hj satisfy the following properties:
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(1) All hj are entire functions in C of exponential type 2π. Actually, we
have a uniform estimation for thju: for all j and all z P C,
(6.5) |hjpzq| ď e2π|z|.
(2) hjp0q “ 1.
(3) 0 ď hjpxq ď 1 for all x P R.
(4) hjpxq ď π´2j for x P R, |x| ě j.
Properties (1)-(4) are quite straightforward, and we justify the uniform ex-
ponential estimate (1) as follows:
Denote w “ πz{j P C temporarily. For all j ě 1 and all z P Cˆ,
|hjpzq| “
ˇˇˇˇ
sinw
w
ˇˇˇˇ
2j
“
ˇˇˇˇ
sinw
w
ˇˇˇˇ 2pi|z|
|w|
“
˜ˇˇˇˇ
sinw
w
ˇˇˇˇ 1
|w|
¸2π|z|
:“ e2π|z|F pwq,
where
F pwq “ log
ˇˇˇˇ
sinw
w
ˇˇˇˇ 1
|w|
“ |w|´1 log
ˇˇˇˇ
1´ w
2
3!
` w
4
5!
´ ¨ ¨ ¨
ˇˇˇˇ
ď |w|´1 log
ˆ
1` |w|
2
3!
` |w|
4
5!
` ¨ ¨ ¨
˙
ď |w|
3!
` |w|
3
5!
` ¨ ¨ ¨
“ sinhp|w|q ´ |w|.
When |w| ď 1, since sinhptq ´ t is increasing, then F pwq ď sinhp1q ´ 1 ă 1
and hence |hjpzq| ď e2π|z|.
On the other hand, when |w| ą 1, using the fact | sinw| ď e|Imw| we obtain
|hjpzq| “
ˇˇˇˇ
sinw
w
ˇˇˇˇ
2j
ď |w|´2j
´
e|Imw|
¯2j
ď e2j |Imw|
“ e2π |Im z|.
Combining the two cases above, we have shown (6.5).
Next, let us define the functions Hj on C
n by
Hjpζq “ hjpζp1qqhjpζp2qq ¨ ¨ ¨ hjpζpnqq, for ζ “ pζp1q, . . . , ζpnqq P Cn.
Then tHju has the following properties:
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(11) All Hj are entire functions in Cn of exponential type 2π
?
n. To be
more precise, for all j and all ζ P Cn,
(6.6) |Hjpζq| ď e2π
?
n }ζ}.
(21) Hjp0q “ 1.
(31) 0 ď Hjpξq ď 1 for all ξ P Rn.
(41) Hjpξq ď π´2j if ξ P Rn and at least one coordinate of ξ is ě j.
Properties p11q-p41q follow directly from properties (1)-(4) of thju, just noting
that to show (6.6) we use the elementary inequality
|ζp1q| ` |ζp2q| ` ¨ ¨ ¨ ` |ζpnq| ď ?n }ζ}.
For each j and each σ PW , we next define the function F σj on Cn by
(6.7) F σj pζq “ ekHkp
?
npζ ´ σ ¨ ξjqq,
where k is the greatest integer no more than 2j logp2` }ξj}q. Then the F σj
satisfy the following properties:
(12) All F σj are entire functions of exponential type 2nπ. Precisely, for
all ζ P Cn we have
(6.8) |F σj pζq| ď Cj e2πn}ζ},
where Cj “ p2` }ξj}q2je2πn}ξj}.
(22) F σj pσ ¨ ξjq ě e´1p2` }ξj}q2j .
(32) 0 ď F σj pξq ď p2` }ξj}q2j for all ξ P Rn.
(42) F σj pξq ď 1 for all ξ P Rn such that }ξ ´ σ ¨ ξj} ě 2j logp2` }ξj}q.
Again, (12)-(42) follow from properties (11)-(41) respectively. We only ex-
plain (42) a bit.
Suppose }ξ ´ σ ¨ ξj} ě 2j logp2` }ξj}q as in (42), then
}?npξ ´ σ ¨ ξjq} ě
?
n 2j logp2` }ξj}q ě
?
n k
which means at least one of the coordinates of
?
n pξ ´ σ ¨ ξjq has absolute
value ě k. Thus, we get (42) from (41) directly:
F σj pξq “ ekHkp
?
npξ ´ σ ¨ ξjqq
ď ekπ´2k ď 1.
For each j we now set
(6.9) Fjpζq “ 1|W |
ÿ
σPW
F σj pζq, ζ P Cn.
Then for each fixed j, Fj is a W -invariant entire function on C
n of expo-
nential type 2nπ, which (by (32)) is bounded (with bound depending on j)
and nonnegative on Rn. From (22), we have
(6.10) Fjpξjq ě e´1p2` }ξj}q2j .
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For each j, consider the unique distribution Ej P E 1W pRnq such that E˚j “ Fj .
Theorem 6.6 and the inequality (6.10) show that the sequence tEju is not
bounded in E 1W pRnq.
We will prove, on the other hand, that the sequence tEj ˚Aµu is bounded in
E 1W pRnq. For this, we fix j and consider any ξ P Rn such that }ξ ´ σ ¨ ξj} ě
2j logp2` }ξj}q for all σ PW . Then Property (42) shows that
(6.11) |rµpξqFjpξq| ď |rµpξq|.
Next consider any ξ P Rn such that }ξ ´ σ ¨ ξj} ă 2j logp2 ` }ξj}q for some
σ P W . Then Property (32), together with the inequality (6.4), with ξj
replaced by σ ¨ ξj, show that
(6.12) |rµpξqFjpξq| ď 1.
The estimates (6.11) and (6.12) show that for all ξ P Rn and all j, we have
(6.13) |rµpξqFjpξq| ď |rµpξq| ` 1.
Now the entire function rµ is of some exponential type A, so the functions in
the sequence trµFju are all of exponential type 2nπ `A. Moreover, since rµ
is polynomially increasing in Rn, the inequality (6.13) implies that there is
a constant C and an nonnegative integer N such that
|rµpξqFjpξq| ď Cp1` }ξ}qN
for all ξ P Rn and all j.
Recall that E˚j “ Fj , hence pEj ˚ Aµq˚ “ rµFj . Theorem (6.6) therefore
implies that the sequence tEj ˚Aµu is bounded in E 1W pRnq.
However, we have already shown tEju is unbounded in E 1W pRnq by (6.10).
This contradicts our earlier conclusion that the map T ˚ Aµ Ñ T from
E 1W paq ˚ Aµ to E 1W paq takes bounded sets to bounded sets, and completes
the proof of Theorem 6.7. 
We call µ P E 1KpXq invertible if its spherical Fourier transform rµpλq is slowly
decreasing. Theorem 6.7 then says that µ is invertible if and only if cµ has
a fundamental solution. Actually, we can generalize the theorem slightly as
follows.
Theorem 6.8. A distribution µ P E 1KpXq is invertible if and only if there
is an invertible distribution S P E 1KpXq and a distribution T P D1pXq such
that T ˚ µ “ S.
Remark. Theorem 6.7 corresponds of course to the case S “ δo. Note that
we cannot just convolve both sides of T ˚µ “ S with a fundamental solution
to cS , since the resulting left hand side would be a convolution of three
distributions, two of which may not have compact support.
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Proof. The “only if” part follows immediately from Theorem 6.2.
Conversely, suppose that S and T exist. Replacing T by T 6, we can assume
that T P D1KpXq.
We claim that µ satisfies the claim in the proof of Theorem 6.7; that is to
say, we claim that the map Ψ ˚ µ Ñ Ψ from cµpE 1KpXqq to E 1KpXq takes
bounded sets to bounded sets. The proof of Theorem 6.7 will then show
that µ is invertible.
So suppose that E Ă E 1KpXq and that E ˚ µ is bounded in E 1KpXq. Note
that Lemma 6.5 implies that the elements of E all have support inside the
same compact subset of X. Since left convolution by T is continuous from
E 1KpXq to D1KpXq, we see that T ˚ pE ˚ µq is a bounded subset of D1KpXq.
But the convolution of K-invariant distributions in X is commutative, so
we have
T ˚E ˚ µ “ E ˚ T ˚ µ “ E ˚ S
Thus E ˚ S is a bounded subset of D1KpXq consisting of distributions which
all have support in the same compact set, so it follows that E ˚S is bounded
in E 1KpXq.
Since S is invertible, Theorem 6.7 shows that there is a Φ P D1KpXq such
that Φ ˚ S “ δo. If we apply the exact same argument as above with µ
replaced by S and T replaced by Φ, we conclude that E ˚ δo “ E is bounded
in E 1KpXq. Thus µ satisfies the claim, and it follows that µ is invertible. 
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